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A Variables used in the models

Name Type Description

Social aspects

Proportion of illiteracy Continuous  Proportion of the household who could not read or
understand the meaning of a given phrase.

Proportion with at most Continuous Proportion of the household for whom the highest

primary school education level of education achieved was at most primary school.
People who never attended school were also included
in this category.

Proportion with no cellphone Continuous Proportion of the household owning a mobile phone.

No computer Dichotomous Indicates if the household owns at least a computer.

No internet Dichotomous Indicates if the household has access to internet
at home, on any device, or to an internet cafe.

Livelihood aspects

Unimproved home Dichotomous Indicates households living in huts, tents or unfinished
buildings.

Mud or earth floors Dichotomous Indicates that the house’s floors are made of non-
durable materials such as mud or earth.

Unimproved roof Dichotomous Indicates the house’s roof is made of other materials
than metal, slate or cement.

Unimproved walls Dichotomous Indicates the house’s walls are made of other materials
than brick or cement.

No electricity Dichotomous Indicates households without access to electricity.

No indoor pipe Dichotomous Indicates households with no indoor water pipe.

No controlled water Dichotomous Indicates households without access to a city-controlled
water source like a pipe or a protected well.

No toilet Dichotomous Indicates households without access to a toilet,
shared or not.

No WC Dichotomous Indicates households without a flush toilet.

No rubbish disposal Dichotomous Indicates households requiring to dump indiscriminately
or to bury their rubbish.

Liquid waste Dichotomous Indicates households who do not dispose of liquid waste
in a sewage or drainage system.

Economical aspects

People per room Continuous  Ratio of the total number of people in the household
divided by the number of rooms in the house.

Mono-parental Dichotomous Indicates if the head of the household is a single parent.

Proportion of unemployment — Continuous Proportion of the household being unemployed
at the time of the census.

House not owned Dichotomous Indicates the household does not own their house.
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B Summaries of the Variables

Variable

Overall (3.0 | = 56231)

Social aspects
Proportion of illiteracy
mean (sd)
median [min, max]|
Proportion with at most primary education
mean (sd)
median [min, max]|
Proportion with no cellphone
mean (sd)
median [min, max]|
No computer
0
1
No internet

Economical aspects
People per room
mean (sd)
median [min, max]|
Mono-parental
0
1
Proportion of unemployment
mean (sd)
median [min, max]|
House not owned
0
1

0.10 (0.25)
0.00 [0.00, 1.00]

0.20 (0.33)
0.00 [0.00, 1.00]

0.20 (0.31)
0.00 [0.00, 1.00]

9 742 (17.3%)
46 489 (82.7%)

9 742 (17.3%)
46 489 (82.7%)
2.27 (1.65)

2.00 [0.04, 24.0]

44 094 (78.4%)
12 137 (21.6%)

0.05 (0.17)
0.00 [0.00, 1.00]

20 548 (36.5%)
35 683 (63.5%)
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Variable

Overall (37| = 56231)

Livelihood aspects

Unimproved home

Mud or earth floors

Unimproved roof

Unimproved walls

No electricity

No indoor pipe

No controlled water

No toilet

No WC

No rubbish disposal

Liquid waste

0
1

0

51 400 (91.4%)
4 831 (8.6%)

53 863 (95.8%)
2 368 (4.2%)

54 796 (97.4%)
1435 (2.6%)

48 172 (85.7%)
8 059 (14.3%)

52 705 (93.7%)
3 526 (6.3%)

17 548 (31.2%)
38 683 (68.8%)

39 031 (69.4%)
17 200 (30.6%)

54 513 (96.9%)
1 718 (3.1%)

18 205 (32.4%)
38 026 (67.6%)

55 013 (97.8%)
1218 (2.2%)

46 969 (83.5%)
9 262 (16.5%)
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C Correlation of the aggregated variables
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The correlation shown is the one observed when pooling the individual-level variables at

the neighbourhood-level in the Ghana dataset.

The average of the continuous variables

and the proportion across households were considered. Most of the variables are correlated,

which is suitable for fitting a factor analysis model. Almost all the variables show a positive

correlation, or a very small negative one. In factor analysis and item response theory, these

positive correlations at the area-level would be translated into a higher value of the latent

trait measured conjointly by these variables.
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D Simulation studies

To better understand parameter recovery, identifiability issues and the impact of prior spec-
ifications, we conducted several sets of simulation studies. For each scenario considered, we
generated 100 datasets. Each dataset was composed of a subset of 200 adjacent neighbour-
hoods from the Ghana data, which comprised 5,195 observations. All neighbourhoods shared
borders with at least another one. For each observation, we generated 15 dichotomous and
5 continuous variables.

The true spatial intensity parameter was set to 0.9. In the true underlying model, 6
followed a proper CAR, with a hierarchical structure on the difficulty parameters and either
separate difficulty variance parameters or variance set to one. The true parameter values
used to generate the data were the estimates obtained from fitting the model to the full
Ghana data when allowing free variance parameters for the difficulty. Because we wanted
to test Schliep and Hoeting (2013) identification restrictions for the difficulty, we fixed the
variance of the difficulty of the first dichotomous variable to one. The true underlying SES
was generated from a proper CAR distribution with a precision parameter equal to one.
Each continuous variable was simulated from a normal distribution as in equation (2) while
dichotomous variables were simulated using a probit model. For each scenario and each
simulated dataset, we ran the respective Stan model for 10,000 iterations of one MCMC
chain and saved the full samples. Each time, values of «a;;, and the observed variables were

generated.

D.1 Estimating the spatial precision

Here we go back to the point discussed in the paragraph about Identifiability Issues in Sec-
tion 2.2 of the main text. Wang and Wall (2003), Schliep and Hoeting (2013) and Higgs
and Hoeting (2010) have all pointed out the need to set the precision parameter to one,

both in the case of areal data (with a CAR prior for the factor) and point-referenced data
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(with a Gaussian process prior for the factor). We ran a simulation study wherein this
parameter was estimated with a Cauchy(0,1) prior for the variance. The true value used
to generate the data was one. In the model fit to the datasets, the variance of the prior
distribution of the hierarchical difficulty parameters was set to one for all variables, that
is a;, ~ Normal(ag,1),for k = 1,--- ,p, and i = 1,--- | N. Despite being able to recover
the spatial intensity parameter, the spatial precision was overestimated, with a median of
medians around 3.3 which ranged from 2.04 to 4.95. The factor loadings (3;) were also over-
estimated, though their relative ordering was correct.This confirms the results shown in the
paragraph about identifiability issues in Section 2.2. In the case of dichotomous variables, as
De Oliveira (2000) discussed in his paper, only one parameter should be estimated regarding
the correlation structure of a latent variable as the other would be near-non-identifiable. not
be possible to identify it when a spatial structure is assumed. The simulations we ran seem

to confirm his point.

D.2 Estimating the variance of the difficulty parameters (o)

Another simulation study we performed was to check if we were able to estimate the standard
deviation of the hierarchical prior for a;z. When trying to estimate a CAR structure on 8 and
a hierarchical structure on a with free, half-Cauchy(0,1) priors for the standard deviation
parameters, it seems we are not able to recover all of them. Their estimates seem to be
pushed towards one. Unfortunately, fixing one of their values to one as Schliep and Hoeting

(2013) did not improve the fit.
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Figure 1: Simulation study results for o, when 6 follows a proper CAR distribution. In
panel A, percentages in blue indicate the number of times the true parameter was part of
the posterior 95% credible intervals while the boxplots show the mean square errors. True
values are shown as blue crosses in panel B.

When the true value was close to one, we could see coverage of the credible intervals close
to what would be expected, for instance, variables 1, 6, 11 and 13 show acceptable recovery
in Panel ?7?7. The coverage seems to decline the further the true value is from one. Overall,
the mean square errors across the datasets hover around 0.05.

We further investigated this phenomenon when @ follows a standard normal distribution.
Similar results were observed. It seems we are not able to disentangle the two sources of
random variation, coming from the observations and the random difficulty. In our simulation
study, each area contains between 5 and 99 observations, with a median of 22. In the Ghana
dataset, the number of households in areas varies from 1 to 269 with a median of 22. Because
about 25% of the considered areas contain less than 15 observations, we may lack information
to identify so many parameters.

In all, when generating the data using varying true values for o, and fitting a model with
o, kept free, the only parameter we are not able to recover is o itself. When generating

data with varying true values of o, and fitting a model with o, = 1, we can recover all
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parameters. As such, we chose to keep it fixed at one to estimate the model on the Ghana

data.

D.3 Results from the spatial hierarchical model

A third simulation study was performed to investigate the parameter recovery of the best-
fitting model on the Ghana dataset, one where the difficulty parameters (a) are hierarchically
distributed with a variance fixed at one and the latent index (@) follows a proper CAR prior.
Overall, we can recover all parameters of interest in the model. Credible intervals offer
coverage rates close to the expected ones (around 95 %) and posterior medians are shown
to adequately estimate the parameters. Variables with low discrimination parameters might

be over-estimated and should be interpreted with caution.
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Figure 2: Simulation study results for 8 when 0 follows a proper CAR distribution. In
panel A percentages in blue indicate the number of times the true parameter was part of the
posterior 95% credible intervals. True values are shown as blue crosses in panel B. The five
first variables correspond to continuous variables while the rest refer to dichotomous ones

Factor loadings of the continuous variables are well estimated and do not show much
variation across generated datasets. Discrimination parameters of dichotomous variables
tend to have wider intervals of credible values. Variables with high discriminative abilities

are recovered. When looking at variables 6, 7, 8, and 14, we notice their ranking compara-
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tively to the other variables is recovered, but their medians cover a wider interval of values
across datasets. The coverage rate of their credible intervals is however adequate. When the
discrimination of a variable is very close to zero, it tends to be slightly overestimated. Vari-
ables 11, 17, and 19 in particular show inadequate coverage rates of their posterior credible
intervals going as low as 61%. Because they have quasi-null discrimination, the slope of the
item characteristic curve is almost null, exhibiting a straight horizontal line. Hence, these
variables are not of interest in our case study, as they do not differentiate well between areas.
The results from our simulation study show we should interpret low-discrimination variables
with caution, as they may have been over-estimated.

The variance parameters of the continuous variables are well recovered and show high
posterior precision. Their coverage rates are at least 94% and MSE of less than 0.001.
The spatial intensity parameter is also well recovered, though slightly underestimated. Its
coverage rate is 97% with MSE around 0.015. The median of its posterior medians over 100

datasets sits around 0.85 (its true value was 0.9).
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Figure 3: Simulation study results for a* (the overall mean of the hierarchical difficulties)
when 0 follows a proper CAR distribution and the variance of the hierarchical difficulties
equals one. Percentages in blue in panel A indicate the number of times the true parameter
was part of the posterior 95% credible intervals. True values are shown as blue crosses in
panel B.
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The overall average difficulty parameters are well recovered. When the data is simulated
with free variance and a fixed variance of one is imposed in the model, they exhibit decent
behaviours. Most coverage rates hover between 90% to 95% except for dichotomous variables
7 and 8 which are around 60%. Their MSE varies from 0.01 to 0.04 and their medians tend

to be slightly off target, without any particular pattern.
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Figure 4: Simulation study results when @ follows a proper CAR distribution and the vari-
ance of the hierarchical difficulties equals one. Light blue segments represent 95% intervals
for the median values, while dark blue segments represent 90% intervals. True values are
shown as black crosses.

Figure 4 shows the scatter plot of the true value of the index, 6; versus the summary of the
estimated values under each of the 100 datasets. Even if they present a slight attenuation

from their true spread, posterior median intervals almost always contain the true value.
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Medians of posterior medians show a correlation with true values of 0.9. Overall, we can

recover the parameters in the model in a satisfactory way.

D.3.1 Imposing an ICAR prior to the factor 6;

Finally, we ran a simulation study similar to the one described in Section D.3 but now the
latent factor @ was simulated from an intrinsic conditional auto-regressive (ICAR) distribu-
tion. We followed the conditional by kriging algorithm described in Rue and Held (2005) to
generate the latent factor.

Then we fitted the model assuming the ICAR prior for 8 imposing a soft sum-to-zero
constraint to guarantee that the resultant posterior is proper. The goal was to investigate if
we were able to estimate the parameters in the model. The results were similar to the ones

obtained assuming a proper CAR for 6. See panels of Figures 77 and 6.
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Figure 5: Simulation study results for 8 when @ follows an ICAR distribution. Percentages
in blue indicate the number of times the true parameter was part of the posterior 95% credible
intervals. True values are shown as blue crosses in b). The five first variables correspond to
continuous variables while the rest refer to dichotomous ones.

The discrimination parameters display a slightly better coverage rate than the proper
CAR prior and at times smaller MSEs. The results for the difficulty parameters and standard

deviations are alike.
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Posterior Median

True value

Figure 6: Simulation study results when @ follows an ICAR distribution and the variance
of the hierarchical difficulties equals one. Light blue segments represent 95% intervals for
the median values, while dark blue segments represent 90% intervals. True values are shown
as black crosses.

Hence, an ICAR prior can be considered when fitting the proposed model. We noticed,
however, that the chains for #; tend to take much longer to converge when compared to the
model that assumes a proper CAR prior when using the full dataset described in the paper.
We ran the algorithms in Nimble and Stan. This is because they use different Markov chain
Monte Carlo sampling algorithms; the goal was to check if one was more efficient than the
other in attaining convergence. We ran the algorithm in Stan for 20,000 iterations to obtain
effective sample sizes of at least 250. It took 44.5 hours to run the algorithm in Stan. For
Nimble, the algorithm was run for 100,000 iterations which took a similar amount of time.

Supplementary materials Section E.3 present the results obtained for the real data analysis.
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E Further results of the Ghana data analysis

This section provides further details on the different fitted models. Section E.1 provides
some diagnostic plots to show convergence of the chains of the main parameters of the
model. Then Section E.2 provides a comparison of the posterior credible intervals of the
index under different prior specifications. Finally, Section E.3 provides the results obtained
from a model that assumes an intrinsic conditional autoregressive (ICAR) prior specification

for the factor 6.

E.1 Diagnostic plots

This section shows the behavior of some diagnostic tools to check convergence of the MCMC

algorithm used to fit the different models.
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Figure 7: Panel A shows the distribution of the effective sample size and panel B the
R-hat of all the parameters in the model. Panels C through AM depict trace plots of the
parameters in the model. Panels AN through BQ show trace plots of the indices of 30/2424
randomly drawn areas.
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E.2 Comparison of the estimated index under the different fitted models

Panels of Figure 8 show the posterior summaries of the index 6; across the 2,424 enumer-
ation areas under the different fitted models. We note that using a proper CAR prior for
0 (in comparison to assuming prior independence) greatly improved the precision around
estimates. The same can be said of the hierarchical prior for ac. The model benefited from
borrowing strength across the map from the spatial structure noted in the variables in our

exploratory analysis.
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Figure 8: Posterior 80% (dark blue) and 95% (light blue) credible intervals for all four
fitted models to the Ghana data. Panels A and B impose a CAR prior to @ while C and D
impose a normal prior. Panels A and C impose a hierarchical structure to a. Each of them
is ordered according to the ordering of the posterior medians for the chosen model, in the
left-top sub-figure.

Panels of Figure 9 provide pairwise scatter plots of the posterior means of the estimated
index, @, under the different prior specifications for . In both cases of prior for a, the
estimated #;’s are highly correlated. However, they are not equal as shown by the y = =

yellow line. Even though the relative ordering of their discrimination parameters 3 are
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conserved, their scale differs, suggesting a different combination identified for 36.

5.0 5.0

Independent a, CAR 6
. ':-i.
Hierarchical a, CAR 6

0.0

25 0.0 2.5 5.0 25 0.0 25 5.0
Independent a, independent 6 Hierarchical a, independent 6

Figure 9: Scatter plots of the posterior estimates of the indices @ when they are given an
independent or spatial prior. Panel B imposes a hierarchical structure to o while panel A
does not.

E.3 Results from a model that assumes an ICAR prior for the index 6;

As pointed out by one of the reviewers, the correlation parameter, ¢y, of the proper CAR
prior for the factor (see Section 2.1) is estimated very close to 1, suggesting that an ICAR
prior could be considered for the indices 8. The ICAR is an improper prior distribution, and
a sum-to-zero constraint can be imposed to guarantee a proper posterior distribution.

It should be noted that the chains leading to the results shown in panels of Figure 10
showed some convergence issues. Even though the model was run for double the amount of
iterations of the proper CAR model, the effective sample sizes (ESS) of some indices (¢) and
discrimination parameters () were as low as 276. Fitting 20,000 iterations of this model
took 44.5 hours running the chains in parallel. The maximal value of R was 1.008. Because of
the relatively small ESS, the results obtained should be interpreted with caution, especially

for variables: proportion without secondary school, proportion of illiteracy, households with
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no flush toilet, indoor piping, internet or computers. Panels of Figure 11 illustrate this
convergence issue by showing the trace plots of two of these variables which present quite
high-autocorrelated chains. The WAIC for this model was 1,179,282, which is better than
the non-spatial models, but worse than the proper CAR models. For these reasons, in the
main text, we focus on the results based on the proper CAR prior for 6.

Panels of Figure 10 provide the posterior summaries of some of the parameters of the
model under the ICAR prior for 8. Note that they closely resemble the results obtained in

the main paper (compare panels of Figure 10 with Figures 2, 3, and 4 of the main text).

no flush toilet ==
no computer e log prop. not literate tas
no internet =]
no indoor pipe 5
unimproved rubbish e people per room =
unimproved walls e
no electricity a
unimproved roof e prop. no sec. school x
no toilet ===
monoparental{ &
unimproved house
mud or earth floors

b prop. no cellphone X
Do
house not owned{ X
x
X

no controlled water log prop. unemployed{ X

unimproved liquid waste

0.0 0.5 1.0 1.5 0.0 0.2 0.4 0.6

unimproved rubbish x
no toilet x people per room x
unimproved roof x
mud or earth floors x

no electricity x log prop. not literate X
unimproved house x
unimproved liquid waste
unimproved walls
no controlled water
monoparental
house not owned x prop. no sec. school{ X
no indoor pipe x
no flush toilet x
no internet x prop. no cellphone{ X

no computer x

log prop. unemployed X

Figure 10: Posterior credible intervals with the indices following an ICAR prior imposed
to @. The results obtained are almost identical to those obtained with the proper CAR
described in the paper. The relative ordering as well as the magnitudes of all parameters
are similar. Panel A shows the discrimination parameters of dichotomous variables, B the
discrimination parameters of continuous variables, C the negative difficulty parameters and
D the standard deviations of the continuous variables.
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00000000000000000000000000000000000000000000000000

Figure 11: Trace plots of discrimination parameters with the indices following an ICAR
prior
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F Stan code

//
//
//
//

//

//
//

fu

The data consists of dichotomous and continuous entries.
The continuous outcomes MUST BE CENTERED and come FIRST
Model: y 15k = alpha ik + beta_k ’ theta 1 + e 1jk

Is equivalent to a mix of IRT probit model and factor
analysis .

The latent factor is thought to wvary amongst EAs (
enumeration areas), but not between households within EAS.
Theta follows an exact CAR distribution with tau set to 1.

Alpha has a hierarchical structure.

nctions {
/x*Taken from https://mc—stan.org/users/documentation/case—
studies /mbjoseph—CARStan. html

*

Return the log probability of a proper conditional
autoregressive (CAR) prior with a sparse representation

for the adjacency matrix.

*

@param phi Vector containing the parameters with a CAR
prior

* @param tau Precision parameter for the CAR prior (real)

*

@param alpha Dependence (usually spatial) parameter for
the CAR prior (real)
x @param W _sparse Sparse representation of adjacency matrix

(int array)
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* @param n Length of phi (int)

* @param W _n Number of adjacent pairs (int)

* @param D _sparse Number of mneighbours for each location (
vector)

* @param lambda FEigenvalues of D~{—1/2}xWxD~{—1/2} (vector)

x Q@return Log probability density of CAR prior up to
additive constant
¥/
real sparse car Ipdf(vector phi, real tau, real alpha,
int|,] W _sparse, vector D sparse, vector lambda, int n,
int Wn) {
row vector|n| phit_D; // phi’ % D
row vector|n| phit_ W; // phi’ » W

vector [n| ldet terms;

phit D = (phi .x D _sparse) ’;
phit_ W = rep row_ vector (0, n);
for (i in 1:W n) {
phit W[W sparse[i, 1]] = phit W[W sparse[i, 1]] + phi]
W _sparse|i, 2]];

phit W[W _sparse|[i, 2]]

phit W[W _sparse|[i, 2]|| + phi|
W _sparse|i, 1]];

for (i in 1:n) ldet_terms|[i]| = loglm(alpha x lambdali]);

return 0.5 * (n x log(tau)
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+ sum(ldet terms)
— tau * (phit_ D % phi — alpha x (phit W x

phi)));

data {

int <lower=1> nEa ; //number of FAS

int <lower=1> nObs ; //number of observations (households)

int <lower=1> nVar ; //number of wvariables observed

int <lower=1> nContinuous ; //number of continuous variables
observed

int <lower=1, upper-=nEa> ea|nObs|; //FA for observation n

real x_cont|[nObs,nContinuous|; //observed continuous
variables

int <lower=0,upper=1> x _dichot[nObs,nVar-nContinuous|; //

observed dichotomous variables

matrix <lower = 0, upper = 1> [nEa, nEa| W; //adjencency
matriz

matrix <lower = 0> [nEa, nEa| D; //diagonal matric with the
number of meighbours of each EA

int <lower = 0> W n; // number of adjacent region pairs

transformed data {

int W_sparse|W_n, 2|; // adjacency pairs
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vector [nEa| D sparse; // diagonal of D (number of neighbours
for each area)
vector [nEa| lambda; // eigenvalues of invsqrtD = W *

invsqrtD

{ // generate sparse representation for W
int counter;
counter = 1;
// loop over upper triangular part of W to identify

neighbour pairs

for (i in 1:(nEa — 1)) {

for (j in (i + 1):nEa) {
i (Wi, ] — 1) {

W _sparse|counter , 1] = i;
W _sparse|counter, 2| = j;
counter = counter + 1;

}

for (i in 1:nEa) D sparse[i]| = sum(W[i]) ;

{

vector [nEa| invsqrtD;
for (i in 1:nEa) {

invsqrtD[i] = 1 / sqrt(D _sparse[i]);



32 Virgili-Gervais et al.

lambda = eigenvalues sym(quad form(W, diag matrix(invsqrtD

))) s

parameters{

matrix [nEa,nVar—nContinuous| alpha; //difficulty parameters,
unique to FAs

vector<lower=0> [nVar| beta; //discrimination parameters

vector [nEa| theta; //factor scores for each EA

vector <lower=0> [nContinuous| sigma_ continuous; //standard
deviations for continuous wvariables

vector [nVar—nContinuous| alpha star; //overall mean
difficulty

real<lower = 0, upper = 1> iota spatial; //controls spatial

dependence

model {
matrix [nObs,nVar—nContinuous| x_star dichot; // continuous
latent form of the dichotomous observations
matrix [nObs,nContinuous| x_star cont;// continuous latent
form of the continuous observations
matrix [nObs,nVar| Pi; //matriz of probabilities for the

observed dichotomous data
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theta = sparse car(l, iota spatial, W _ sparse, D sparse,
lambda, nEa, W n);

//iota has a uniform 0—1 prior

alpha star = std normal();

beta = std_normal() ;

sigma_continuous~cauchy (0,1);

for (i in 1:nEa){
for (j in 1:(nVar-nContinuous)) alpha|i,j| normal(

alpha star[j],1);

for (n in 1:n0bs){

for (k in 1:nContinuous){

x_star_cont|n,k| = beta|k|xtheta|ea|n]];
x_cont|n,k|] T normal(x_ star cont|n,k|, sigma continuous|
k1)

}

for (k in (nContinuous+1):nVar){
x_star dichot [n,k-nContinuous| = alpha|ea|n] k-
nContinuous| + beta|k|xtheta|[ea|n]];
Pi[n,k—nContinuous| = Phi(x_star dichot|n,k-—nContinuous
DE
x_dichot [n,k—nContinuous| =~ bernoulli(Pi[n,k—nContinuous

1) ;
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